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Am = —%(Ymv 5MYm) (10)
Hence, the relation (7) together with the expressions (9) and (10)
gives the variation of the eigenfunction, corresponding to eigen-
value 4, in terms of initially calculated quantities.

If the system is nonself adjoint, g,,, is determined by observing
that we can normalize, to one, one of Y,,’s at a specific point
before and after variational procedure; if we do so and using
Eq. (7) we get

5 Ym(xo) = Z amj Y;'(xa) (1 1)
from which we obtain I
Awm = — Z amj Yj(xu)

m# j

IV. Applications
Example A)—Sturm-Liouville Problems

As an illustrating specific example consider the class of Sturm-
Liouville systems resulting from the following functional |8] :

b b
A= j [p(x)y* —q(x)y*] dX/ J r(x)y* dx (12)
a ! a

The aim is the calculation of changes in eigenvalues and eigen-
functions of this class of problems arising from the change of
functions p(x), g(x), and r(x) if we denote an arbitrary change
of these functions by dp(x), dq(x), and Jr(x), respectively, and
by designating the associated eigenvalue and eigenfunctions’
changes by d4,, and dy,, and utilize Eq. (5) we get

b
Ohp = —J (OPYm * + 00V + A Oy, ) dx (13)
a

and by using Egs. (9) and (10) we obtain

1 b
Anj == 7 j (OPYm'¥j +0qVm ¥+ Ap Oy, y)dx  (14)
m jda

1 b
= —=1 O, y,>dx
mm 2 J‘a r ym
As a more specific example of a physical problem governed by
the above class of equations we consider the longitudinal
vibrations of a fixed-free rod. Starting with a uniform and homo-
geneous rod we would like to investigate the effect of the change
in rod density on its natural frequencies and normal modes of
vibrations. The natural frequencies and natural modes of the
unperturbed (uniform) rod are

A = 2(mm)?, m=1,35... (5

if the variation in density is denoted by the nondimensionalized
function p(x) the governing equations of time harmonic motion
of density-perturbed rod is

Y [dx? +[1+p(x)]AY =0 (16)
where x is the length parameter, Y is the longitudinal displace-
ment, and 1 is the square of natural frequency; all in non-
dimensionalized quantities. According to Eq. (13) the variation in
the natural frequency due to variation of the density is

1
oA, = — j A P(2) Y2 dx (17

4

Y, = sin(mn/2)x,

Let, for the sake of illustration, p(x) = ex, then Eq. (17) yields
Sim = —2G+1/mn)A,, = —¢/8(3+1/mr)m*n%, m=1,3,5,...
Similarly by using Eq. (14) we get

=0, M#),  Guw= —&/45+1/mn)
SO

8Y, = —g/43+1/mn)Y,,

Example B)—Sensitivity Analysis of Optimal Systems

The results of Secs. 11 and III may have application in the
sensitivity study of the optimized systems governed by eigen-
problems. A question of interest is to determine the variation in
characteristic quantities due to the change of parameters and
functions of a physical problem which are obtained in such a way
as to optimize a certain response of the system. For illustration
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consider the problem of a column whose shape is determined
such that among all the columns having the same length and
volume has the highest buckling load. If x, A, 4, ¢ represent,
respectively, the nondimensional axial coordinate, the buckling
load, the variable area, and the bending moment then the govern-
ing boundary value problem for a clamped-crampel column is
?:0)+¢0)—¢(1) =0

To achieve an optimum shape the following relation must hold®

2 = A? and the resulting optimum shape comes out to be

A(x) = A,sin? 6(x)

buxtAA7?P =0,

with
0—4sin20+m/2 = 2(A/3)"?4, 7 'x
and
A, = 1/n(A/3)*?
the corresponding first buckling load and bending mode are
A=16n%/3, ¢(x)= A,>*sin?H(x)
Now, let the optimum area be given a variation of the form
JA(x) = gsinnx

then, from Eq. (13) the resulting variation in the buckling load
is found to be

04 = —(4/m)eA
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Instability of Combustion
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HE following equations governing the phenomenon of

intrinsic instability of combustion, leading to low frequency
oscillations in a rocket motor using a single liquid propellant,
were derived and investigated by L. Crocco! ™3
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MLd(oy/de] + (o) + 1 = 1~ [de(t)ds] ()

and

J' glé(t)]dr = A(constant) )
t—z(t)

In the above equations, ¢ is the nondimensionalized pressure
in the rocket motor

¢ = [p(—Ppl/p €]
where bar denotes the mean value; M is the ratio of the mass
of the hot air in the rocket motor to the mean mass flow rate;
g(¢) is a positive monotonically increasing function of ¢
representing the rate of heat transfer from the combustion gas
to the liquid propellant; and 7 is the variable time lag.

Equations (1) and (2) can be combined to give
do(t - -
MW |y = ALSOI—glele— (0]} @
dt glo®)—(1)]
It was shown that, if the equation is linearized, a necessary
condition for unconditional stability, that is, stability for any
value of 1, is given by

d9(¢)
dg 40
This condition is sufficient only for infinitesimally small
disturbances. In what follows, a sufficient condition for finite
disturbances is derived.
It can be seen that the steady-state solution of Eq. (4) is ¢ = 0.
Let us consider a case where the system is disturbed for t <0
such that

< 39(0) (5

—l<—-¢,so()< ¢, for 10 (6)

Regarding the behavior of ¢(1) for large ¢, there are three

possibilities; namely; 1) ¢ = 0, for all ¢ greater than some T;,

2) ¢ £0, for all ¢t greater than some T, or 3) ¢ is an
oscillating function.

If the first condition is satisfied, then it is seen from Eq. (4) that

gle(t—0] < {dleOI[1+6(0]} t>T, ™
If g(¢) is such that
(d/dp)g(@)(1+$)] <0, for |¢] <o, ®)

then the right-hand side of the equality is a decreasing function
of time whereas the left hand is an increasing function. They
must, therefore, tend to their common limit, g(0).

If the second condition is satisfied, then from Eq. (4)

glt—0] 2z {gleOIN1+ ()]}, if ¢> -1 ©

and

glot—0] = {glo@]/[1+¢®]}, if ¢<-1 (10)
Since g > 0, clearly, ¢ > — 1. This is expected because, ¢ < —1
means negative pressure. If condition (8) is satisfied, the left-
hand side of inequality (9) is a decreasing function of time,
whereas the right-hand side is an increasing function. Hence, ¢
must tend to zero as before.

Suppose, ¢ is an oscillating function. Let the first local maxima
or minima of ¢(t) for t>0, occur at t=t,. Then for
0<t=t, we have ¢,(f) < ¢(t) £ ¢,(t), where ¢, and ¢, are
defined as follows:

M(de/dn)+ o, = {[gld1(0]—9(—d)]/g(— ¢}  (11)
and
M(d/dt)+d, = {[gld2()]—9(gm)]/9(dn)} (12)

with ¢(0) = ¢,(0) = ¢,(0). The steady-state solutions of Egs. (11)
and (12), ¢, and + ¢,, respectively, are given by

Lo(@/(1 + )] = g(dm) (14)

Let f(¢) be a continuous monotonically increasing function
which satisfies the relations

/@1+d)]=f(-¢). for =0 (15)
J©0)=g(0) (16)
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Let g be bounded by f and ¢(0), such that
lg(é)—9(0)| < | f(kd)—g(0) (17
where k < 1. Then we find
[9@/(1+kdp)] <g(—¢), for ¢>0 (18)
and
[9(D)/(1+kd)] > g(—¢), for ¢ <O (19
Under these conditions Egs. (13) and (14) imply that
|0 < Pmks B < Pk (20)
Hence
()| < ko, @

Similarly, at the next maxima or minima point, t =t,, we
have

|p(t2)] < k*¢,n (22)
Hence, ¢ must tend to zero.
In case g(¢) is linear over the range, —¢,, to ¢,. the
sufficient condition reduces to

(dg/dd) < [g(Ok/2+ $,, k)] (23)
For infinitesimal disturbances, the condition is given by
dg dg
= 4+ = <g0k 24)
o * dg)o- (

which reduces to condition (5) given by Crocco, if dg/d¢ is
continuous at ¢ = 0.

Amplitude of Oscillations

Consider a system where g(¢) is a monotonically increasing
function and that [g/(1+¢)] is a monotonically decreasing
function. Let dg/d¢ at ¢ =0 be sufficiently large so that the
system is unstable.

Suppose there is a function f(¢), as defined by Eq. (15),
such that

l9(¢)—g(0)| < |f(g9)—9(0)|. for ¢>—1 (25)

where g > 1, and

lg(@)—g(0)] < |f(k$)—g(0), for . <p=<o, (26)
where k < 1. In order words, condition (17) is satisfied for a
range ¢, < ¢ < ¢, but g is suitably bounded. In this case, it can
be shown that if ¢, > g, the amplitude of self excited
oscillations of the system is bounded by |¢| < g¢,.
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An Improved Static Probe Design
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Introduction

ROBES for measuring in-stream static pressure in super-
sonic flows have been used for many years.! These probes
liave been shown to provide accurate and reliable measurement
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